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Abstract
The tilted-pulse-front setup utilizing a diffraction grating is one of the
most successful methods to generate single- to few-cycle terahertz pulses.
However, the generated terahertz pulses have a large spatial inhomogene-
ity, due to the noncollinear phase matching condition and the asymmetry
of the prism-shaped nonlinear crystal geometry, especially when pushing
for high optical-to-terahertz conversion efficiency. A 3D+1 (x,y,z,t) nu-
merical model is necessary in order to fully investigate the terahertz gen-
eration problem in the tilted-pulse-front scheme. We compare in detail
the differences between 1D+1, 2D+1 and 3D+1 models. The simulations
show that the size of the optical beam in the pulse-front-tilt plane sensi-
tively affects the spatio-temporal properties of the terahertz electric field.
The terahertz electric field is found to have a strong spatial dependence
such that a few-cycle pulse is only generated near the apex of the prism.
The part of the beam farther from the apex contains a large fraction of
the energy but has a waveform that deviates from a few-cycle. This strong
spatial dependence must be accounted for when using the terahertz pulses
for strong-field physics and carrier-envelope-phase sensitive experiments
such as terahertz acceleration, coherent control of antiferromagnetic spin
waves and terahertz high-harmonic generation.
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1 Introduction
Single- to few-cycle (broadband) high energy terahertz pulses have many promis-
ing applications such as spectroscopy [6], strong field terahertz physics[14, 20],
particle acceleration [25] , electron spin manipulation [14] and phonon resonance
studies [1]. All of these applications require well-characterized terahertz fields.
There are many possible ways to generate terahertz radiation. Free electron
lasers and synchrotron radiation have a high degree of tunability and are ca-
pable of delivering high peak-power coherent terahertz pulses [22]. Gyrotrons,
based on the principle of electron cyclotron radiation, are able to generate watt-
to-megawatt-level terahertz continuous wave radiation [11] at low terahertz fre-
quencies (0.3-1.3 THz)[5, 4]. These devices, however, have limited accessibility
to the larger scientific community, and can be difficult to synchronize to laser
sources with high (fs) precision.
Alternatively, single- to few-cycle terahertz generation, based on table-top
optical laser systems, brings the advantages of high accessibility and intrin-
sic synchronization, but suffers from limited optical-to-terahertz conversion ef-
ficiency. Although various schemes exist for optical-to-terahertz conversion,
difference frequency generation using the tilted pulse-front (TPF) method has
proven one of the most useful. Using the "tilted-pulse-front" technique, first
proposed and demonstrated by J.Hebling et.al.[12], pulse energies in the mili-
joule range can be reached[10]. The ease of this setup, the high pulse energies
and the controllability of the terahertz properties has made this last approach
an ubiquitous one for high-field applications.
However, the non-collinear geometry of the phase matching and the spatial
asymmetry of the interaction, in combination with the cascading effect, result
in terahertz beams with non-uniform spatial distribution. A 2D+1 numerical
model has been established by M. I. Bakunov [2, 3] where the back conver-
sion of the terahertz to the optical pump (OP) is not taken into consideration.
Consequently, this model overestimates the effective length and the conversion
efficiency. Later on, in our previous work the interaction between the optical
pump and the terahertz pulse is included into the 2D+1 model together with a
one lens imaging system by K. Ravi [17]. Compared with the telescope imag-
ing system, the one-lens imaging system, has larger imaging errors and induces
more terahertz divergence [23]. In order to further investigate the terahertz
generation problem, a robust 3D+1 numerical tool is necessary to explore the
spatial and temporal properties of the generated terahertz fields. In our work,
a telescope imaging system is used. Additionally, the image of the grating is
chosen to be parallel to the pulse-front-tilt plane inside the nonlinear crystal
[8]. Thus, along the image plane at each spatial point, the OP forms transform
limited pulse, i.e. the peak intensity is the maximum and the bandwidth is the
maximum. This work shows, for the first time to our knowledge, the systematic
comparison of the 1D+1, 2D+1 and 3D+1 numerical models. Additionally, it
simulates precisely the full spatial distribution of the generated terahertz electric
fields.
The numerical tool is based on the fast Fourier transform beam propagation
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method (FFT-BPM) [7] and split-step Fourier method. The combination of
these two methods reduces computational cost compared to the finite difference
time-domain (FDTD) method which is very accurate but requires a massive
computational effort. In section 2, we show analytically that the higher order
dispersion caused by the grating can already bring in spatial inhomogeneity to
the generated terahertz pulses. Section 3 compares the differences of the 1D+1,
2D+1 and 3D+1 models. In section 4, the dependence of optical pump beam
sizes in y and x directions on the generated terahertz fields are discussed.
2 Theoretical model
The setup modelled and simulated is shown in Fig. 1. The often used nonlinear
materials are LiNbO3 CdTe, GaAs, GaSe, GaP and ZnTe. Here, we focus on
LiNbO3 (LN for short) due to its large second-order nonlinear coefficient, high
damage threshold and easy accessibility. The results however can be extended
to other materials. In this article, we focus on the impact of the OP beam size
on the properties of the generated terahertz beam.
THz
OP
z
x
f1 f1 f2 f2
z'
x'
LN
Figure 1: Illustration of the simulated tilted-pulse-front setup. The optical
pump pulse is noted by OP and the LiNbO3 crystal is represented by LN. The
OP propagates along the z′ direction. The x − y − z coordinates denote the
pulse-front-tilt frame (terahertz frame) inside the LN-crystal. The y and y′ axes
are equivalent.
Firstly, we show analytically that, regardless of the noncollinear phase match-
ing and the prism geometry, the second order dispersion generated by the grating
can already cause inhomogeneity of the terahertz pulses (see Eq. (4)). We start
from the grating relation sin(θ1) + sin(θ2) = 2pic/ωd, where θ1, θ2 are the in-
cidence and output angles with respect to the normal to the grating surface
respectively. The optical frequency is represented by ω while d denotes the
grating groove period. Assuming that the input OP is collimated (dθ1/dω = 0),
one can get Eq.(1).
dθ2
dω
=
−2pic
ω2d cos(θ2)
d2θ2
d2ω
=
4pic
ω3d cos(θ2)
+
2pic sin(θ2)
ω2d cos2(θ2)
dθ2
dω
(1)
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By setting F0 = −2pic/(ω20d cos(θ2)) where ω0 is the center frequency, one
can obtain the angular dispersion ∆θ2 with respect to the OP propagation
direction,
∆θ2 =
dθ2
dω
|ω=ω0(ω − ω0) +
1
2
d2θ2
d2ω
|ω=ω0∆(ω − ω0)2
= F0 (ω − ω0) +
[
−F0/ω0 + 1
2
F 20 tan(θ2)
]
(ω − ω0)2. (2)
The cos(θ2), tan(θ2) represent the cosine and tangent of the output angle at
the center frequency ω0. After the propagation through the telescope system,
the angular dispersion is magnified by a factor of -f2/f1. Thus, the angular
dispersion becomes −∆θ2f2/f1. Note that the transverse k vector kx′0(ω) =
−∆θ2f2ω0/(cf1) remains the same before and after entering the LN-crystal due
to the Fresnel law. As a result, by assuming kz′0(ω) ≈ ωn(ω)/c, the OP electric
field inside the LN-crystal is given in Eq. (3) in the x′ − y′ − z′ coordinates ,
where the pulse duration τ = τ0/
√
2 log 2 , and σ′x, σ′y are beam waists (1/e)
of the OP at the incidence surface of the LN-crystal in x′ and y′ dimensions
respectively.
E(ω, x′, y′, z′) = A0 exp
[−(ω − ω0)2τ2/4] exp [−x′2/(2σ′2x )] exp [−y′2/(2σ′2y )]
× exp
[
−iωn(ω)z′/c
]
exp
[
i∆θ2f2ω0x
′/(cf1)
]
(3)
The second order polarization which is responsible for the terahertz genera-
tion can be expressed as in Eq. (4), where γ is the angle between the terahertz
pulse propagation direction and the OP propagation direction. The group re-
fractive index at the center frequency of the optical pump is denoted by ng.
PNL(2)(Ω, x′, y′, z′) = −χ(2) Ω
2
c2
∫ ∞
0
E(ω + Ω, x′, y′, z′)E∗(ω, x′, y′, z′)dω
× exp {iΩn(Ω)[cos(γ)z′ + sin(γ)x′]/c}
= −χ(2) Ω
2
√
2pi
τc2
A20 exp
(−x′2
σ′2x
)
exp
(−y′2
σ′2y
)
× exp
{
−Ω
2τ2
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[
1 +
16x′2n2g tan(γ)
2
τ4c2
(−1/ω0 + 1
2
F0 tan(θ2))
2
]}
× exp
{
−iΩ
c
[
ng − n(Ω) cos(γ)
]
z′
}
exp
{
i
[f2ω0
f1
F0 + n(Ω) sin(γ)
]Ω
c
x′
}
(4)
The last two exponential phase terms in Eq. (4) represent the phase match-
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ing condition.
∆k′z =
Ω
c
[
ng − n(Ω) cos(γ)
]
= 0→ ng/n(Ω) = cos(γ)
∆k′x =
[f2ω0
f1
F0 + n(Ω) sin(γ)
]Ω
c
= 0→ 2picf2
d cos(θ2)ω0ngf1
= tan(γ)
The term in the third exponential (
[−1/ω0 + 12F0 tan(θ2)]2 16x2n2g tan(γ)2/τ4c2
) is due to the second order angular dispersion which has been discussed in more
detail in [18]. It can be seen that the second order angular dispersion leads to
the spatial dependence of the generated terahertz bandwidth at the plane nor-
mal to the OP propagation direction. At the center of the pump pulse (x′ = 0),
the generated terahertz pulse possesses its largest bandwidth. Towards the sides
of the OP beam, the bandwidth of the terahertz pulse reduces. In other words,
due to the second order angular dispersion ((ω − ω0)2 related term), the OP
experiences a temporal chirp and thus, the pulse duration varies with respect to
x′. The effective instantaneous bandwidth of the OP reduces towards the sides
of the beam, leading to a narrower terahertz spectrum or multi-cycle pulses.
3 Comparison of the 1D+1, 2D+1 and 3D+1
simulations
Owing to the geometry of the LN-crystal, the interaction length varies with re-
spect to x′. Since the generated terahertz pulses act back on to the OP, cascad-
ing occurs. This causes a spatially dependent OP spectrum, which further en-
hances spatial inhomogeneities of the generated terahertz pulses. Furthermore,
at the desired terahertz frequency range (<4 THz), the material absorption
(α) increases with respect to frequency. This favors lower terahertz frequen-
cies towards the base of the LN-crystal due to longer interaction length. The
aforementioned aspects can only be investigated by a robust numerical model.
Our numerical model solves the coupled wave equations with slowly vary-
ing amplitude approximation in the terahertz coordinates (x-y-z). By setting the
electric field of the OPF [Eop(t, x, y, z)] = Eop(ω, x, y, z) = E(ω, x, y, z)e−i[kz0(ω)z+kx0(ω)x],
and the electric field of the terahertz F [ETHz(t, x, y, z)] = ETHz(Ω, x, y, z) =
E(Ω, x, y, z)e−ik0(Ω)z respectively, one can get Eqs. (5) and (6). The operator
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F represents the Fourier transform.
−2ik0(Ω)∂E(Ω, x, y, z)
∂z
= −[
neglected by 2D+1︷︸︸︷
∂2
∂y2
+
∂2
∂x2︸ ︷︷ ︸
neglected by 1D+1
−iαk0(Ω)]E(Ω, x, y, z)
−Ω
2χ(2)
c2
∫ ∞
0
E(ω + Ω, x, y, z)E∗(ω, x, y, z)ei(∆kzz+∆kxx)dω (5)
−2ikz0(ω)∂E(ω, x, y, z)
∂z
= −[
neglected by 2D+1︷︸︸︷
∂2
∂y2
+
∂2
∂x2
− 2ikx0(ω) ∂
∂x︸ ︷︷ ︸
neglected by 1D+1
]E(ω, x, y, z)
−ε0n2(ω0)ω
2
c
F
{
Eop(t, x, y, z)
∫ ∞
−∞
n2(τ)E
2
op(t− τ, x, y, z)dτ
}
ei[kz0(ω)z+kx0(ω)x]
−ω
2χ(2)
c2
∫ ∞
−∞
E(ω + Ω, x, y, z)E∗(Ω, x, y, z)ei(∆kzz+∆kxx)dΩ (6)
In Eqs. (5) and (6), ∆kx = kx0(ω) − kx0(ω + Ω), ∆kz = kz0(ω) − kz0(ω +
Ω) + k0(Ω). The χ(2) related terms are responsible for the second order non-
linear effects, i.e., the terahertz generation and back conversion processes. In
Eq. (6), the third-order nonlinear effects, including self-phase-modulation, self-
steepening and stimulated Raman effect, are represented by the term n2(τ) =
F [n2(ω − ω0)] [13]. The phonon resonances at terahertz frequencies [21] are im-
plemented by considering the stimulated Raman effect at the optical frequency
region together with the frequency-dependent refractive index in the terahertz
frequency region. In the simulation, frequency dependent refractive index and
the terahertz absorption are used. The parameters used in simulations are listed
in Table.1. The peak fluence of the OP at the input LN-crystal surface is chosen
to be right beneath the estimated damage threshold 70.7mJ/cm2 based on our
previous studies[19].
Table 1: Simulation parameters
Parameters Value Parameters Value
focal length f1 300mm focal length f2[23] 0.613 ×f1 mm
wavelength λ 1030 nm grating period d 1/1500 mm
pulse duration
τ0 (FWHM) [9]
0.5 ps peak fluence[19] 108
√
τ0 mJ/cm2
phase-matching
frequency
0.3THz absorption
coefficient
α(300 k, 0.3THz)
[24]
7/cm
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The 1D+1 calculation neglects diffraction effects and, more importantly, the
spatial walk-off between the terahertz and OP beams. The neglected terms are
marked in Eq. (5) and (6) by "neglected by 1D+1". The 2D+1 calculation
neglects the diffraction in the dimension vertical to the pulse front tilt plane
(y), which is labeled by "neglected by 2D+1". In other words, the 1D+1 cal-
culation considers a single spatial point at the location of the peak fluence of
the OP, and the 2D+1 calculation considers one slice of the spatial points alone
the x dimension at y = 0, i.e., the center of the OP. As shown in Fig. 2, the
1D+1 calculation significantly overestimates the conversion efficiency and the
OP spectrum broadening. Without taking the spatial walk-off (the operator
2ikx0
∂
∂x ) into consideration, the 1D+1 calculation overestimates the OP spec-
tral broadening, leading to a more pronounced stimulated Raman effect. The
overestimated OP spectral broadening leads to the second peak in the terahertz
spectrum at higher terahertz frequencies in Fig. 2(b).
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Figure 2: Comparison of the results obtained from 1D+1, 2D+1 and 3D+1
simulations. (a), (b) and (c) are the output OP spectra, the output terahertz
spectra and the efficiencies respectively. (a) and (b) are plotted at the location
of maximum efficiency.
In Fig. 2(c), from 1D to 2D, the decrease of efficiency is due to the longer
interaction length, whereas from 2D to 3D the decrease of efficiency is due to
the reduction of the fluence along the y direction. It can be seen that, in order
to capture the key characteristics of the generated terahertz pulses, at least a
2D+1 calculation is required.
4 Spatial dependence of the terahertz electric field
Without loss of generality, the nonlinear interaction between the OP and the
LN-crystal is numerically implemented in the x− y− z coordinate frame where
x = 0 represents the apex location of the LN-crystal. Note that the OP beam
size in the x− y − z coordinates σx=σx′/ cos(γ) is due to the projection on the
plane of the tilted pulse front. The simulations suggest that within an OP beam
size range σy = [0.5, 4.5]mm (not shown), diffraction has a negligible effect on
the terahertz generation process and the terahertz beam size scales as σy/
√
2.
This agrees with the analytic result in Eq. (4). In the following simulations, σy
is chosen to be 3.5mm.
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In Fig. 3, the maximum terahertz generation efficiency is plotted against the
OP beam size σx′ . Here, the 2D+1 model is used due to the high computational
cost of the 3D+1 model. Generally, in the experiment, larger OP beam sizes
and high fluence are desired due to the demand of high terahertz energy. As a
result, in the following 3D+1 calculations for, σx′ = 0.44mm, 0.88mm and 1.32
mm, indicated by red circles in Fig. 3, are chosen as examples.
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Figure 3: With the input pump fluence 70.7 mJ/cm2 (blue dot) and
35.3 mJ/cm2 (red star), the maximum terahertz generation efficiencies versus
the OP beam size σx′ , calculated by the 2D model, are presented. The red circles
indicate 3 beam sizes chosen as examples in the following 3D+1 calculations.
Due to the nature of the non-collinear phase-matching condition, the tera-
hertz generation process requires different sections of the beam along x dimen-
sion to add up coherently in the emission direction z. In contrast with the OP
beam size in the y dimension, a small beam size along the x dimension cannot
produce high generation efficiencies due to the walk-off between the OP and
the terahertz beam. On the other hand, if the beam size is too large, the ter-
ahertz radiation generated by the wing of the OP at the farther side from the
LN-crystal apex suffers from more absorption compared to the part closer to
the apex. Thus, the generation efficiency shows a maximum as a function of
OP beam size in the x′-direction. Additionally, since lower pump fluence leads
to longer interaction length, the optimal pump beam size increases (see the red
stars in Fig. 3).
Figure 4(j-l) indicate that with a given OP beam size, higher pump fluence
(center of the OP, y = 0) leads to smaller terahertz beam size compared with
lower pump fluence (side of the OP y = σy/
√
2 = 2.47mm). This agrees with
the experimental results of C.Lombosi et al. [15].
Figure 4(a-c) and 4(d-f) show the OP and the terahertz beam profiles at the
output LN-crystal surface with different input OP beam sizes. Note that the
optimal interaction lengths along the z dimension increase with the increase of
the OP beam sizes. For the beam sizes σ′x = 0.44mm , 0.88mm and 1.32mm,
the effective lengths are 0.90mm, 1.61mm and 2.12mm with the corresponding
conversion efficiencies 0.57% 0.54% 0.46% respectively. Figure 4(g-i) represent
the fluence of the OP at y = 0 and y = σy/
√
2 with the center of the OP
marked by the dashed lines. The fluence distribution indicates an energy shift
towards the base of the LN-crystal, due to the terahertz generation process. In
other words, terahertz generation process causes spectral broadening of the OP,
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with which the non-collinear phase matching generates new optical frequencies
propagating towards the base of the LN-crystal. This causes the energy shift in
the OP fluence distribution. One can see that the terahertz beams are generated
close to the apex of the LN-crystal. The size of the OP does not strongly
influence the size of the generated terahertz beams. More detailed analyses
show the spatially dependent electric field and spectra at two positions (y = 0,
y = σy/
√
2) as presented in Fig. 5. The terahertz beams are symmetric along
the y dimension.
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Figure 4: Spatial dependence of the generated terahertz beams along x and y
dimensions. (a-c) and (d-f) represent the OP and the terahertz beam profiles at
the output surface of the LN-crystal respectively. (g-i) and (j-l) represent the
OP and terahertz fluence respectively at a given position y = 0 (black curve)
and y = σy/
√
2 = 2.47 (red curve). The OP beam sizes at the input LN-
crystal surface are σ′x = 0.44mm, 0.88mm and 1.32mm in x′ − y′ − z′ frame
respectively. The center position of the OP beam is marked by the dashed
line. The OP beam size in the y dimension is σy = 3.5mm. The apex of the
LN-crystal is located at x = 0.
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Figure 5: Spatial dependence of the generated terahertz spectra and temporal
profiles along the x dimension. (a-c) and (d-f) are the terahertz electric field
and the corresponding terahertz spectra with respect to x at y = 0. (g-i) and
(j-l) are the terahertz electric field and the corresponding terahertz spectra with
respect to x at y = σy/
√
2.
Figure 5 (a-c) and (g-i) show the spatially dependent electric fields at y =
σy/
√
2 and y = 0 with the corresponding terahertz spectra shown in (d-f) and
(j-l). It can be seen that the few-cycle terahertz electric fields are only generated
at the vicinity of the apex of the LN-crystal. One can see that, for a terahertz
beam generated by a large size OP, though possess a large amount of energy,
the electric field at the far side from the apex of the LN-crystal deviates from a
single-cycle format.
The root-mean-square pulse duration ∆t is chosen to evaluate the electric
field distribution. In Eq. (7), δt = |t(x, y) − t(x, y)p| ,where t(x, y)p is the time
coordinate of the peak of the electric field at position (x, y). The reference
∆t(xp, yp) is chosen at the position (xp, yp) where the terahertz peak fluence is
located.
∆t(x, y) =
√∫
[δt(x, y)]2I(t, x, y)dt∫
I(t, x, y)dt
−
[∫
δt(x, y)I(t, x, y)dt∫
I(t, x, y)dt
]2
(7)
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The resulting electric field distribution is depicted in Fig. 6. The shaded grey
region represents ∆t(x, y) > 2∆t(xp, yp), which indicates that the electric field
deviates from the single-cycle format.
-3.75      -2.5       -1.25         0
                x (mm)
y 
(m
m
)
5
0
-5
Figure 6: The example shown is for σ′x = 1.32mm, where the non-single-cycle
region, ∆t(x, y) > 2∆t(xp, yp), is indicated by the grey region. The terahertz
beam under the grey region contains up to 25% of the total terahertz energy.
The grey region in Fig. 6 shows that high quality few-cycle pulses are only
generated close to the apex of the LN-crystal. The terahertz pulses are sym-
metric along the y-direction. Higher fluence (y=0) leads to higher terahertz
energy but it also reduces the electric field quality i.e. less clean spectrum and
multi-cycle format in time domain. It can be seen from Fig. 5 and Fig. 6 that
the sides of the OP beam (for example y = σy/
√
2mm) possess lower fluence,
causing less OP spectral broadening. The less broadened OP spectrum leads
to a relatively homogeneous terahertz distribution along the x dimension. For
σx′ = 0.44mm 0.88mm and 1.32mm the ∆t(x, y) > 2∆t(xp, yp) region (grey
region) take up 4%, 20% and 25% of the total terahertz energy respectively.
It can be seen that, with the increase of the OP beam size, the single-cycle
region of the generated terahertz pulses reduce drastically. Additionally, due to
the nature of the setup itself, it is inevitable that the generated terahertz pos-
sesses a spatial inhomogeneity. In order to resolve this problem, the setup which
combines the conventional tilted-pulse-front setup and a transmission stair-step
echelon is promising in generating spatially homogeneous terahertz pulses [16].
5 Conclusion
We have shown the spatial dependence of the terahertz electric field properties
generated by the tilted-pulse-front setup. By comparing the 1D+1, 2D+1 and
3D+1 numerical models we found that the 1D+1 calculation cannot capture
certain key features of the terahertz generation process. Additionally, the 3D+1
calculation shows that within the OP beam size range σy = [0.5, 4.5] mm, the
diffraction in the dimension perpendicular to the pulse-front-tilt plane does not
have much influence on the terahertz generation process. For those cases, the
2D calculation (x-z coordinates) is a good approximation.
Perpendicular to the pulse front tilt plane, in y-direction, the terahertz beam
waist relates to the OP waist with σy/
√
2, which is as expected due to the second
11
order nonlinear process. In the x dimension, the OP beam size does not have
a large impact on the generated terahertz beam size. The terahertz pulses are
generated close to the apex of the LN-crystal and the single-cycle region is only
close to the vicinity of the crystal apex. Thereby, large OP beam sizes lead to
a reduced percentage of single-cycle content of the generated terahertz pulses.
Attention must be paid to the fact that the terahertz generated farther from the
apex of the LN-crystal, which possesses a large fraction of the total generated
energy, suffers from poor electric field quality and temporal chirp.
These findings are of particular relevance to the carrier-envelope-phase sen-
sitive terahertz applications and strong filed terahertz physics. In order to
maximize the single-cycle region, one should enlarge the OP beam size in the
dimension vertical to the pulse-front-tilt plane (y dimension), or reduce the OP
input fluence.
The terahertz out-coupling from the LN-crystal to the air is not considered
in this article. This can further influence the terahertz output spectrum due to
total internal reflection.
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